Critical sets of refined inertias for irreducible zero–nonzero patterns of orders 2 and 3  by Yu, Ber-Lin et al.
Linear Algebra and its Applications 437 (2012) 490–498
Contents lists available at SciVerse ScienceDirect
Linear Algebra and its Applications
journal homepage: www.elsevier .com/locate/ laa
Critical sets of refined inertias for irreducible zero–nonzero
patterns of orders 2 and 3<
Ber-Lin Yua,b,∗, Ting-Zhu Huangb, Hong-Bo Huaa
a
Faculty of Mathematics and Physics, Huaiyin Institute of Technology, Huai’an, Jiangsu 223003, PR China
b
School of Mathematical Sciences, University of Electronic Science and Technology of China, Chengdu, Sichuan 611731, PR China
A R T I C L E I N F O A B S T R A C T
Article history:
Received 13 December 2010
Accepted 1 March 2012
Available online 29 March 2012
Submitted by S. Fallat
AMS classification:
15A48
05C50
15A18
Keywords:
Zero–nonzero pattern
Permutation digraph
Inertially arbitrary pattern
Refined inertia
Critical set of refined inertias
The concept of a critical set of refined inertias for an irreducible zero–
nonzero pattern is defined, and all minimal critical sets of refined
inertias for irreducible zero–nonzero patterns of orders 2 and 3 are
identified. As an application of these results, a new method is used
to identify all minimal critical sets of inertias for irreducible zero–
nonzero patterns of orders 2 and 3.
Crown Copyright © 2012 Published by Elsevier Inc. All rights
reserved.
1. Introduction
An n×n zero–nonzero pattern is amatrixA = [αij]with entries from the set {∗, 0}where∗ denotes
a nonzero real number. The set of all real matrices with the same zero–nonzero pattern as the n × n
zero–nonzero pattern A is the qualitative class
Q(A) = {A = [aij] ∈ Mn(R)| aij = 0 if and only if αij = ∗, for all i, j}.
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If A ∈ Q(A), then A is a realization of A. A subpattern of an n × n zero–nonzero pattern A is an n × n
zero–nonzero pattern B obtained by replacing some (possibly empty) subset of the nonzero entries of
Awith zeros. If B is a subpattern ofA, thenA is a superpattern of B. Two square zero–nonzero patterns
A and B are equivalent if one can be obtained from the other by any combination of transposition and
permutation similarity. A zero–nonzero pattern A is reducible if it is permutation similar to a pattern
of the form⎛
⎝ A11 A12
0 A22
⎞
⎠ ,
where A11, A22 are square and non-vacuous. A pattern is irreducible if it is not reducible.
The inertia of a matrix A is an ordered triple i(A) = (n+, n−, n0) where n+, n− and n0 are the
number of eigenvalues of A with positive, negative and zero real part, respectively; see, e.g., [1]. The
refined inertiaofA is the orderedquadruple ri(A) = (n+, n−, nz, 2np)of nonnegative integers that sum
to n, where (n+, n−, nz +2np) is the inertia of Awhile nz is the number of 0 eigenvalues of A and 2np is
the number of nonzero pure imaginary eigenvalues of A; see, e.g., [2,8]. The inertia (respectively, refined
inertia) of a zero–nonzero pattern A is i(A) = {i(A)| A ∈ Q(A)} (respectively, ri(A) = {ri(A)| A ∈
Q(A)}). An n × n zero–nonzero pattern A is an inertially arbitrary pattern (IAP) if given any ordered
triple (n+, n−, n0) of nonnegative integerswithn++n−+n0 = n, there exists a realmatrixA ∈ Q(A)
such that i(A) = (n+, n−, n0); see, e.g., [4,5]. Similarly, A is a refined inertially arbitrary pattern (rIAP)
if given any ordered quadruple (n+, n−, nz, 2np) of nonnegative integers that sum to n, there exists a
real matrix A ∈ Q(A) such that ri(A) = (n+, n−, nz, 2np); see, for example, [2].
Let S be a nonempty, proper subset of the set of all (n + 1)(n + 2)/2 inertias for any n × n zero–
nonzero pattern A. If S ⊆ i(A) is sufficient for A to be inertially arbitrary, then S is said to be a
critical set of inertias for zero–nonzero patterns of order n and if no proper subset of S is a critical set
of inertias, S is said to be aminimal critical set of inertias for zero–nonzero patterns of order n; see, e.g.,
[3]. Similarly, we introduce the concept of a critical set of refined inertias. Let S be a nonempty, proper
subset of all refined inertias. Then S is called a critical set of refined inertias for zero–nonzero patterns
of order n if S ⊆ ri(A) is sufficient for any zero–nonzero pattern A to be refined inertially arbitrary. If
no proper subset of S is a critical set of refined inertias, then S is aminimal critical set of refined inertias
for zero–nonzero patterns of order n. We note that all minimal critical sets of inertias for irreducible
zero–nonzero patterns of order 2 have been identified in [3]. However, identifying all minimal critical
sets of inertias for irreducible zero–nonzero patterns of order n  3 was posed as an open question
in [3]. Also open is the minimum cardinality of such a set.
In this paper, we concentrate on the minimal critical sets of refined inertias for irreducible zero–
nonzero pattern of orders 2 and 3. For n = 2, all minimal critical sets of refined inertias are given in
Theorem 3.3, and for n = 3, all minimal critical sets of refined inertias are given in Theorem 4.6. By
analyzing splits of inertias and using these results, a new proof that is different from that in [3] is given
to identify all minimal critical sets of inertias for 2 × 2 irreducible zero–nonzero patterns, and a new
proof that is different from that in [9] is given to identify all minimal critical sets of inertias for 3 × 3
irreducible zero–nonzero patterns.
Our work is organized as follows. Section 2 describes some preliminary results on the refined
inertias of zero–nonzero patterns. The minimal critical sets of refined inertias for irreducible zero–
nonzero patterns of order 2 are identified in Section 3. In Section 4, we investigate minimal critical
sets of refined inertias for 3 × 3 irreducible zero–nonzero patterns. In Section 5, as an application of
these results, a new and different method is given to identify all minimal critical sets of inertias for
irreducible zero–nonzero pattern of orders 2 and 3. Conclusions and some open questions are given
in Section 6.
2. Preliminaries
We begin with a formula for the maximum number of distinct refined inertias allowed by any
zero–nonzero pattern of order n  2.
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Lemma 2.1 [2, Theorem 1.1]. Let m be the maximum number of distinct refined inertias allowed by any
zero–nonzero pattern of order n  2 andm◦ be themaximumnumber of distinct refined inertias, excluding
reversals. Then
m◦ =
{
(n+2)(n+3)(n+4)
24
, if n is even,
(n+1)(n+3)(n+5)
24
, if n is odd,
and
m =
⎧⎨
⎩
( n
2
+1)( n
2
+2)(2n+3)
6
, if n is even,
 n
2
( n
2
+1)(4 n
2
+5)
6
, if n is odd.
We note that a zero–nonzero pattern A allows a refined inertia (n+, n−, nz, 2np) if and only if it
allows the reversal of that refined inertia, i.e., (n−, n+, nz, 2np). Hence, to identify the critical sets of
refined inertias, it suffices to verify only one of each refined inertia and its reversal.
Recall that a zero–nonzero pattern A = [αij] has an associated digraph D(A) with vertex set{1, 2, . . . , n} and for all i and j, an arc from i to j if and only if αij is ∗. A (directed) simple cycle of
length k is a sequence of k arcs (i1, i2), (i2, i3), . . . , (ik, i1) such that the vertices i1, . . . , ik are dis-
tinct. The digraph of a matrix is defined analogously; see, e.g., [1,6,7]. A digraph is strongly connected
if for each vertex i and every other vertex j = i, there is a directed path from i to j. A zero–nonzero
pattern A is irreducible if and only if its associated digraph, D(A), is strongly connected. Let D be a
digraph on n vertices and k be an integer such that 1  k  n. A digraph P is said to be an order k
permutation digraph of D if P is a subdigraph of D with k vertices and the arc set of P is a union of one
or more disjoint cycles; see, e.g., [6].
Lemma 2.2 [3, Theorem 1]. For n  2, letA be an n × n zero–nonzero pattern. Then the following hold:
(1) If A allows the inertias (0, 0, n) and (p, 0, n − p) or its reversal for some integer p in {1, . . . , n},
then D(A) has at least two loops and a 2-cycle.
(2) If A allows the inertias (n, 0, 0) or its reversal, and (p, 0, n − p) or its reversal for some integer p
in {0, . . . , n − 1} where n − p is odd, then A has at least two nonzero transversals.
Lemma2.3. LetA be ann×n irreducible zero–nonzero pattern. If n  3, then the following are equivalent:
(1) A is refined inertially arbitrary.
(2) A is inertially arbitrary.
(3) D(A), the associated digraph, has a directed subgraph that has at least two loops, a 2-cycle and two
order n permutation digraphs.
Proof. The equivalence of (1) and (2) follows directly from Theorem 2.5 in [2]. Next we show the
equivalence of (2) and (3). Note that for n = 1, the statement is vacuously true. For n = 2, the
equivalence of (2) and (3) follows from the fact that a 2 × 2 irreducible zero–nonzero pattern A is
inertially arbitrary if and only if A = T2 =
⎛
⎝ ∗ ∗
∗ ∗
⎞
⎠, up to equivalence. For n = 3, This follows from
Theorem 2.5 in [9]. 
3. Critical sets of refined inertias for 2× 2 zero–nonzero patterns
By Lemma 2.1, there are seven refined inertias for 2 × 2 zero–nonzero patterns. The following
lemmas are used to identify all minimal critical sets of refined inertias.
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Lemma 3.1. Let
N1 =
⎛
⎝ 0 ∗
∗ 0
⎞
⎠ .
Then (0, 0, 0, 2), (1, 1, 0, 0) are the only refined inertias allowed by the zero–nonzero pattern N1.
Proof. Since N1 requires non-singularity, it follows that N1 does not allow (0, 0, 2, 0), (1, 0, 1, 0)
and its reversal (0, 1, 1, 0). If N1 allows (2, 0, 0, 0) or its reversal (0, 2, 0, 0), then N1 has at least
one nonzero diagonal entry; a contradiction. The only refined inertias allowed by N1 are obtained by
analyzing realizations of N1.
Consider realizations of N1⎛
⎝ 0 1
−1 0
⎞
⎠ and
⎛
⎝ 0 1
1 0
⎞
⎠
with refined inertias (0, 0, 0, 2) and (1, 1, 0, 0), respectively. It follows thatN1 allows (0, 0, 0, 2) and
(1, 1, 0, 0) and no other refined inertias. 
Lemma 3.2. Let
N2 =
⎛
⎝ ∗ ∗
∗ 0
⎞
⎠ .
Then (1, 1, 0, 0), (2, 0, 0, 0) and its reversal are the only refined inertias allowed by pattern N2.
Proof. Since N2 requires non-singularity, it follows that N2 does not allow (0, 0, 2, 0), (1, 0, 1, 0)
and its reversal (0, 1, 1, 0). If N2 allows (0, 0, 0, 2), then N2 has either no nonzero diagonal entry or
at least two nonzero diagonal entries. But N2 has exactly one nonzero diagonal entry. Thus the only
refined inertias allowed by N2 are obtained by realizations of N2. Consider realizations of N2⎛
⎝ 2 1
−1 0
⎞
⎠ and
⎛
⎝−1 1
2 0
⎞
⎠
with refined inertias (2, 0, 0, 0) and (1, 1, 0, 0), respectively. It follows that N2 allows (1, 1, 0, 0),
(2, 0, 0, 0) and its reversal and no other refined inertias. 
Theorem 3.3. The sets of refined inertias {(0, 0, 2, 0)}, {(1, 0, 1, 0)}, {(0, 1, 1, 0)}, {(0, 0, 0, 2),
(2, 0, 0, 0)} and {(0, 0, 0, 2), (0, 2, 0, 0)} are critical sets of refined inertias for 2 × 2 irreducible zero–
nonzero patterns, and are the only such critical sets that are minimal.
Proof. Let A be an arbitrary 2 × 2 irreducible zero–nonzero pattern. If {(0, 0, 2, 0)} ⊆ ri(A), then A
allows singularity. It is clear that each entry ofAmust be nonzero. By Lemma 2.3A is refined inertially
arbitrary.
Similarly, we can show that {(1, 0, 1, 0)} and {(0, 1, 1, 0)} are critical sets of refined inertias.
IfA allows (0, 0, 0, 2) and (2, 0, 0, 0) or its reversal, thenD(A) has at least two loops and a 2-cycle
by Lemma 2.2. Thus each entry of A is nonzero, and A is refined inertially arbitrary by Lemma 2.3.
Hence {(0, 0, 0, 2), (0, 2, 0, 0)} and {(0, 0, 0, 2), (2, 0, 0, 0)} are critical sets of refined inertias.
Next we show that there are no other minimal critical sets of refined inertias. By Lemmas 3.1
and 3.2, the other four sets with a single refined inertia, {(0, 0, 0, 2)}, {(2, 0, 0, 0)}, {(1, 1, 0, 0)}
and {(0, 2, 0, 0)}, are not critical sets of refined inertias. Note that there are only three irreducible
zero–nonzero patterns of order 2: N1, N2 and T2, up to equivalence. For the sets of refined inertias
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with cardinality 2, it suffices to show that {(0, 0, 0, 2), (1, 1, 0, 0)}, {(2, 0, 0, 0), (1, 1, 0, 0)} and
{(0, 2, 0, 0), (1, 1, 0, 0)} are not critical sets. This follows from Lemmas 3.1 and 3.2. 
The following corollary is a directly consequence of Theorem 3.3. We omit its proof.
Corollary 3.4. Let A be a 2 × 2 irreducible zero–nonzero pattern. Then the following are equivalent:
(1) A is refined inertially arbitrary.
(2) A allows singularity.
(3) A allows (0, 0, 2, 0).
(4) A allows (1, 0, 1, 0) or its reversal (0, 1, 1, 0).
(5) A allows (0, 0, 0, 2) and (2, 0, 0, 0) or its reversal (0, 2, 0, 0).
4. Critical sets of refined inertias for 3× 3 zero–nonzero patterns
By Lemma 2.1, there are 13 refined inertias for 3 × 3 zero–nonzero patterns and eight refined
inertias, excluding reversals. The following lemmas are used to identify all minimal critical sets of
refined inertias.
Lemma 4.1. Let
M =
⎛
⎜⎜⎜⎝
∗ ∗ 0
∗ 0 ∗
∗ ∗ 0
⎞
⎟⎟⎟⎠ .
ThenM allows all refined inertias except (0, 0, 3, 0) and (0, 0, 1, 2).
Proof. Note that the trace of any realization ofM is nonzero and that the trace of any matrix with re-
fined inertia (0, 0, 3, 0)or (0, 0, 1, 2) is zero. It follows thatMdoesnotallow (0, 0, 3, 0)or (0, 0, 1, 2).
Next we show thatM allows all the remaining refined inertias. It suffices to show thatM allows
(1, 0, 0, 2), (1, 0, 2, 0), (1, 1, 1, 0), (2, 0, 1, 0), (3, 0, 0, 0) and (2, 1, 0, 0).
Consider realizations ofM⎛
⎜⎜⎜⎝
1 1 0
−2 0 1
2 1 0
⎞
⎟⎟⎟⎠ ,
⎛
⎜⎜⎜⎝
1 1 0
1 0 1
−1 −1 0
⎞
⎟⎟⎟⎠ ,
⎛
⎜⎜⎜⎝
1 1 0
1 0 1
1 1 0
⎞
⎟⎟⎟⎠ ,
⎛
⎜⎜⎜⎝
2 1 0
−2 0 1
2 1 0
⎞
⎟⎟⎟⎠ ,
⎛
⎜⎜⎜⎝
3 1 0
−3 0 1
−1 −1 0
⎞
⎟⎟⎟⎠ and
⎛
⎜⎜⎜⎝
1 1 0
−1 0 1
−1 1 0
⎞
⎟⎟⎟⎠
with refined inertias (1, 0, 0, 2), (1, 0, 2, 0), (1, 1, 1, 0), (2, 0, 1, 0), (3, 0, 0, 0) and (2, 1, 0, 0), re-
spectively. It follows that the zero–nonzero patternM allows all refined inertias except (0, 0, 3, 0)
and (0, 0, 1, 2). 
Corollary 4.2. Let S be a critical set of refined inertias for 3 × 3 irreducible zero–nonzero patterns. Then
S must contain either (0, 0, 3, 0) or (0, 0, 1, 2).
Proof. If both (0, 0, 3, 0) and (0, 0, 1, 2) are not in S, then S must contain some of the remaining
refined inertias. By Lemma 4.1, S ⊆ ri(M). SinceM is not inertially arbitrary, it follows that S is not a
critical set of inertias; a contradiction. 
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Lemma 4.3. Let
R =
⎛
⎜⎜⎜⎜⎜⎝
0 ∗ 0
∗ 0 ∗
0 ∗ 0
⎞
⎟⎟⎟⎟⎟⎠ .
Then (0, 0, 1, 2), (0, 0, 3, 0) and (1, 1, 1, 0) are the only refined inertias that are allowed byR.
Proof. Consider realizations ofR⎛
⎜⎜⎜⎜⎜⎝
0 1 0
1 0 1
0 −2 0
⎞
⎟⎟⎟⎟⎟⎠ ,
⎛
⎜⎜⎜⎜⎜⎝
0 1 0
1 0 1
0 −1 0
⎞
⎟⎟⎟⎟⎟⎠ and
⎛
⎜⎜⎜⎜⎜⎝
0 1 0
2 0 1
0 −1 0
⎞
⎟⎟⎟⎟⎟⎠
with refined inertias (0, 0, 1, 2), (0, 0, 3, 0) and (1, 1, 1, 0), respectively. It follows that R allows
the refined inertias (0, 0, 1, 2), (0, 0, 3, 0) and (1, 1, 1, 0). Since R requires singularity, (1, 0, 0, 2),
(3, 0, 0, 0) and (2, 1, 0, 0) are not allowed by R. If (1, 0, 2, 0) or (2, 0, 1, 0) is allowed by R, then
there is at least one nonzero diagonal entry ofR, a contradiction. 
Lemma 4.4. Let
P1 =
⎛
⎜⎜⎜⎜⎝
∗ ∗ 0
∗ ∗ ∗
∗ 0 0
⎞
⎟⎟⎟⎟⎠ and P2 =
⎛
⎜⎜⎜⎜⎝
∗ ∗ 0
∗ ∗ ∗
0 ∗ 0
⎞
⎟⎟⎟⎟⎠ .
Then both P1 and P2 do not allow (0, 0, 1, 2) and (0, 0, 3, 0).
Proof. This follows from the fact that both P1 and P2 require non-singularity. 
Corollary 4.5. Let A be a 3 × 3 irreducible zero–nonzero pattern whose associated digraph has exactly
two loops and either exactly one or two 2-cycles. If (0, 0, 1, 2) or (0, 0, 3, 0) ∈ ri(A), then D(A) has at
least two order 3 permutation digraphs.
Proof. Suppose that D(A) has exactly one permutation digraph of order 3. If D(A) has exactly two
loops and one 2-cycle, then it can be shown that A is equivalent to the zero–nonzero pattern P1. If
D(A) has exactly two loops and two 2-cycles, then it can be shown that A is equivalent to the zero–
nonzero pattern P2. In either case,A does not allow the refined inertias (0, 0, 1, 2) and (0, 0, 3, 0) by
Lemma 4.4. Thus, if (0, 0, 1, 2) or (0, 0, 3, 0) ∈ ri(A), then D(A) has at least two order 3 permutation
digraphs. 
Now, we turn our attention to identify all minimal critical sets of refined inertias for irreducible
3 × 3 zero–nonzero patterns.
Theorem 4.6. The sets {(0, 0, 1, 2), (1, 0, 0, 2)}, {(0, 0, 1, 2), (0, 1, 0, 2)}, {(0, 0, 1, 2),
(1, 0, 2, 0)}, {(0, 0, 1, 2), (0, 1, 2, 0)}, {(0, 0, 1, 2), (3, 0, 0, 0)}, {(0, 0, 1, 2), (0, 3, 0, 0)},
{(0, 0, 1, 2), (2, 0, 1, 0)}, {(0, 0, 1, 2), (0, 2, 1, 0)}, {(0, 0, 3, 0), (1, 0, 0, 2)}, {(0, 0, 3, 0),
(0, 1, 0, 2)}, {(0, 0, 3, 0), (1, 0, 2, 0)}, {(0, 0, 3, 0), (0, 1, 2, 0)}, {(0, 0, 3, 0), (2, 0, 1, 0)}, {(0, 0,
3, 0), (0, 2, 1, 0)}, {(0, 0, 3, 0), (3, 0, 0, 0)} and {(0, 0, 3, 0), (0, 3, 0, 0)} are critical sets of refined
inertias for 3 × 3 irreducible zero–nonzero patterns and the only such critical sets of refined inertias that
are minimal.
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Proof. LetAbe an arbitrary 3×3 irreducible zero–nonzero pattern. If the set {(0, 0, 1, 2), (1, 0, 0, 2)}
⊆ ri(A), then (0, 0, 3) and (1, 0, 2) are allowed by A. By Lemma 2.2, D(A) has at least two loops and
a 2-cycle. By Corollary 4.5, D(A) must have two order 3 permutation digraphs. Thus, A is refined
inertially arbitrary by Lemma 2.3. It follows that {(0, 0, 1, 2), (1, 0, 0, 2)} is a critical set of refined
inertias for irreducible zero–nonzero patterns of order 3.
By a similar argument, the remaining sets are also critical sets of refined inertias.
Next we show the minimality of these critical sets.
By Corollary 4.2 and Lemma 4.3, there is no critical set of refined inertias with cardinality 1 for
irreducible zero–nonzero patterns. It follows that all the above sets in Theorem4.6 areminimal critical
sets of refined inertias.
Finally, we show that there are no other sets that are minimal critical sets of refined inertias.
By Corollary 4.3, it is necessary for a critical set of refined inertias to contain either (0, 0, 1, 2) or
(0, 0, 3, 0). To complete the proof, it suffices to show that all the sets that are composed of all arbitrary
combinations of (0, 0, 3, 0), (2, 1, 0, 0) or its reversal (1, 2, 0, 0), (0, 0, 1, 2) and (1, 1, 1, 0) are not
critical sets of refined inertias.
Consider the zero–nonzero pattern
P3 =
⎛
⎜⎜⎜⎝
0 ∗ ∗
∗ 0 ∗
∗ ∗ 0
⎞
⎟⎟⎟⎠
and its realizations⎛
⎜⎜⎜⎜⎜⎝
0 1 1
(−1 + √5)/2 0 1
1 (−1 − √5)/2 0
⎞
⎟⎟⎟⎟⎟⎠ ,
⎛
⎜⎜⎜⎜⎜⎝
0 1 1
−2 0 1
0.5 1 0
⎞
⎟⎟⎟⎟⎟⎠ ,
⎛
⎜⎜⎜⎝
0 1 1
1 0 1
−1 1 0
⎞
⎟⎟⎟⎠ and
⎛
⎜⎜⎜⎝
0 1 1√
2 − 1 0 1
1 −1 − √2 0
⎞
⎟⎟⎟⎠
with refined inertias (0, 0, 3, 0), (2, 1, 0, 0), (1, 1, 1, 0) and (0, 0, 1, 2), respectively. The statement
follows from the fact that P3 is not inertially arbitrary. 
We end this section by establishing some characterizations for 3 × 3 inertially arbitrary zero–
nonzero patterns. It is clear that Theorem 4.7 is a direct consequence of Theorem 4.6. We omit its
proof.
Theorem 4.7. Let A be a 3 × 3 irreducible zero–nonzero pattern. Then the following are equivalent:
(1) A is refined inertially arbitrary.
(2) A allows refined inertias (0, 0, 1, 2) and (1, 0, 0, 2) or its reversal.
(3) A allows refined inertias (0, 0, 1, 2) and (1, 0, 2, 0) or its reversal.
(4) A allows refined inertias (0, 0, 1, 2) and (2, 0, 1, 0) or its reversal.
(5) A allows refined inertias (0, 0, 1, 2) and (3, 0, 0, 0) or its reversal.
(6) A allows refined inertias (0, 0, 3, 0) and (1, 0, 0, 2) or its reversal.
(7) A allows refined inertias (0, 0, 3, 0) and (1, 0, 2, 0) or its reversal.
(8) A allows refined inertias (0, 0, 3, 0) and (2, 0, 1, 0) or its reversal.
(9) A allows refined inertias (0, 0, 3, 0) and (3, 0, 0, 0) or its reversal.
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5. Critical sets of inertias for irreducible zero–nonzero patterns of orders 2 and 3
In this section, by using the previous results, a new and different method from that in [3,9] is
introduced to identify all minimal critical sets of inertias for irreducible zero–nonzero patterns of
orders 2 and 3.
Suppose S is a nonempty, proper subset of all inertias for irreducible zero–nonzero patterns of
order n. Let Sr be a nonempty set of refined inertias (with cardinality equal to the cardinality of S)
obtained by splitting all the inertias in S into their refined inertias. For example, if a set of inertias
S = {(0, 0, 3), (2, 1, 0)}, then Sr = {(0, 0, 3, 0), (2, 1, 0, 0)} or {(0, 0, 1, 2), (2, 1, 0, 0)}. We note
that if every set of refined inertias Sr corresponding to S is a critical set of refined inertias, then S
must be a critical set of inertias. But the converse proposition is not in general true for there exists a
zero–nonzero pattern that is inertially arbitrary but not refined inertially arbitrary; see, e.g., [2]. But
for n  3, the converse proposition holds.
Observation 5.1. If every set of refined inertias Sr corresponding to a subset of inertias S for irreducible
zero–nonzero patterns of order n  3 is a critical set of refined inertias, then S is a critical set of inertias.
Furthermore, if any one of the critical sets of refined inertias in Sr is aminimal critical set, then S is aminimal
critical set of inertias.
Now,weare ready to identify allminimal critical sets of inertias.Note that the followingTheorem5.2
has been shown in [3] and Theorem 5.3 has been shown in [9]. Here we provide new proofs in terms
of critical sets of refined inertias.
Theorem 5.2. The sets {(0, 0, 2), (2, 0, 0)}, {(0, 0, 2), (0, 2, 0)}, {(1, 0, 1)} and {(0, 1, 1)} are the only
minimal critical sets of inertias for irreducible 2 × 2 zero–nonzero patterns.
Proof. Theorem 3.3 gives a complete list of theminimal critical sets of refined inertias for n = 2. Note
that an irreducible 2 × 2 zero–nonzero pattern:
Allows (0, 0, 2), (2, 0, 0) if and only if it allows {(2, 0, 0, 0), (0, 0, 2, 0)} or {(2, 0, 0, 0),
(0, 0, 0, 2)}.
Allows (0, 0, 2), (0, 2, 0) if and only if it allows {(0, 2, 0, 0), (0, 0, 2, 0)} or {(0, 2, 0, 0),
(0, 0, 0, 2)}.
Allows (1, 0, 1) if and only if it allows (1, 0, 1, 0).
Allows (0, 1, 1) if and only if it allows (0, 1, 1, 0).
Since all of the refined inertia sets above are critical sets of refined inertias (not necessarily minimal),
the above sets of inertias are critical sets by Observation 5.1, and indeed are also easily seen to be
minimal (since at least one of the corresponding sets of refined inertias is minimal in each case).
It follows that the above sets of inertias are the only minimal critical sets of inertias because the
corresponding sets of refined inertias are the only minimal critical sets of refined inertias. 
Theorem 5.3. The sets of inertias {(0, 0, 3), (3, 0, 0)}, {(0, 0, 3), (0, 3, 0)}, {(0, 0, 3), (0, 1, 2)},
{(0, 0, 3), (1, 0, 2)}, {(0, 0, 3), (2, 0, 1)} and {(0, 0, 3), (0, 2, 1)} are the only minimal critical sets of
inertias for 3 × 3 irreducible zero–nonzero patterns.
Proof. Theorem 4.6 gives a complete list of the minimal critical sets of refined inertias for n = 3.
These 16 sets are in one-to-one correspondence with the six minimal critical sets of inertias given in
Theorem 5.3. For example, an irreducible 3 × 3 zero–nonzero pattern:
Allows (0, 0, 3), (0, 1, 2) if and only if it allows {(0, 1, 2, 0), (0, 0, 3, 0)} or {(0, 1, 2, 0),
(0, 0, 1, 2)} or {(0, 1, 0, 2), (0, 0, 3, 0)} or {(0, 1, 0, 2), (0, 0, 1, 2)}.
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Using a total of six such statements, it follows by Observation 5.1 that the six sets of inertias given
in Theorem 5.3 are minimal critical sets of inertias, and they are the only such sets because they
correspond to the 16 minimal critical sets of refined inertias in Theorem 5.3. There are no other such
sets of refined inertias because Theorem 5.3 gives all such minimal critical sets. 
As a corollary to the above theorems, we have the following.
Corollary 5.4. Let S be a nonempty, proper subset of all inertias for irreducible zero–nonzero patterns of
order n  3. Then S is a critical set of inertias if and only if every set Sr corresponding to S is a critical set
of refined inertias.
6. Concluding remarks
We have identified all minimal critical sets of refined inertias for irreducible zero–nonzero pat-
terns of order n  3. All minimal critical sets of inertias for irreducible zero–nonzero patterns of order
n  3 have been identified in a new method. A relationship between critical sets of refined inertias
and the critical sets of inertias for n  3 has been established. However, analogous results for n  4
will not in general follow since there exist zero–nonzero patterns that are inertially arbitrary but not
refined inertially arbitrary (see [2] for an example of order 4). Thus, the identification of all minimal
critical sets of inertias for irreducible zero–nonzero patterns of order n  4 is open. Also open is the
identification of all minimal critical sets of refined inertias for irreducible zero–nonzero patterns of
order n  4.
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